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Deforming the Lie algebra of vector fields on
S1 inside the Poisson algebra on T˙ ∗S1
V. Ovsienko and C. Roger
Abstract
We study deformations of the standard embedding of the Lie algebra Vect(S1)
of smooth vector fields on the circle, into the Lie algebra of functions on the
cotangent bundle T ∗S1 (with respect to the Poisson bracket). We consider two
analogous but different problems: (a) formal deformations of the standard embed-
ding of Vect(S1) into the Lie algebra of functions on T˙ ∗S1 := T ∗S1\S1 which are
Laurent polynomials on fibers, and (b) polynomial deformations of the Vect(S1)
subalgebra inside the Lie algebra of formal Laurent series on T˙ ∗S1.
Key-words: deformations, quantization, cohomology, Virasoro algebra
1 Introduction
1.1 The standard embedding.
The Lie algebra Vect(M) of vector fields on a manifold M has a natural
embedding into the Poisson Lie algebra of functions on T ∗M . It is defined
by the standard action of the Lie algebra of vector fields on the cotangent
bundle. Using the local Darboux coordinates (x, ξ) = (x1, . . . , xn, ξ1, . . . , ξn)
on T ∗M , the explicit formula is:
π(X) = Xξ (1)
where X is a vector field: X =
∑n
i=1X
i(x)∂/∂xi and Xξ =
∑n
i=1X
i(x)ξi.
The main purpose of this paper is to study deformations of the standard
embedding (1).
1.2 Deformations inside C∞(T ∗M).
Consider the Poisson Lie algebra of smooth functions on T ∗M for an ori-
entable manifold M . In this case, the problem of deformation of the em-
bedding (1) has an elementary solution. The Vect(M) embedding (1) into
C∞(T ∗M) has the unique (well-known) nontrivial deformation. Indeed, given
an arbitrary volume form on M , the expression:
πλ(X) = Xξ + λdivX,
where λ ∈ R, defines an embedding of Vect(M) into C∞(T ∗M).
The linear map: X 7→ divX is the unique nontrivial 1-cocycle on Vect(M)
with values in C∞(M) ⊂ C∞(T ∗M) (cf. [2]).
1.3 Two Poisson Lie algebras of formal symbols.
Let us consider the following two Lie algebras of Poisson on the cotangent
bundle with zero section removed: T˙ ∗M = T ∗M \M.
(a) The Lie algebra A(M) of functions on T˙ ∗M which are Laurent poly-
nomials on fibers;
(b) The Lie algebra A(M) of formal Laurent series on T˙ ∗M .
Lie algebras A(M) and A(M) can be interpreted as classical limits of
the algebra of formal symbols of pseudo-differential operators on M . We will
show that in this case one can expect much more interesting results than
those in the case of C∞(M).
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In both cases, the Poisson bracket is defined by the usual formula:
{F,G} =
∂F
∂ξ
∂G
∂x
−
∂F
∂x
∂G
∂ξ
.
2 Statement of the problem
In this paper we will consider only the one-dimensional case: M = S1 (anal-
ogous results hold for M = R).
2.1 Algebras A(S1) and A(S1) in the one-dimensional case.
As vector spaces, Lie algebras A(S1) and A(S1) have the following form:
A(S1) := C∞(S1)⊗C[ξ, ξ−1] and A(S1) := C∞(S1)⊗C[[ξ, ξ−1]],
where C[[ξ, ξ−1]] is the space of Laurent series in one formal indeterminate.
Elements of both algebras: A(S1) and A(S1) can be written in the fol-
lowing form:
F (x, ξ, ξ−1) =
∑
k∈Z
ξkfk(x),
where the coefficients fk(x) are periodic functions: fk(x + 2π) = fk(x). In
the case of algebra A(S1), one supposes that the coefficients fk ≡ 0, if |k| is
sufficiently large; for A(S1) the condition is: fk ≡ 0, if k is sufficiently large.
2.2 Formal deformations of Vect(S1) inside A(S1).
We will study one-parameter formal deformations of the standard embedding
of Vect(S1) into the Lie algebra A(S1). That means we study linear maps
πt : Vect(S1)→ A(S1)[[t]]
to the Lie algebra of series in a formal parameter t. Such a map has the
following form:
πt = π + tπ1 + t
2π2 + · · · (2)
where πk : Vect(S
1) → A(S1) are some linear maps, such that the formal
homomorphism condition is satisfied:
πt([X, Y ]) = {πt(X), πt(Y )}.
The general Nijenhuis–Richardson theory of formal deformations of homo-
morphisms of Lie algebras will be discussed in the next section.
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2.3 Polynomial deformations of the Vect(S1) inside A(S1).
We classify all the polynomial deformations of the standard embedding (1)
of Vect(S1) into A(S1). In other words, we consider homomorphisms of the
following form:
π(c) = π +
∑
k∈Z
πk(c)ξ
k (3)
where c = c1, . . . , cn ∈ R (or C) are parameters of deformations, each linear
map πk(c) : Vect(S
1)→ C∞(S1) being polynomial in c, πk(0) = 0 and πk ≡ 0
if k > 0 is sufficiently large.
3.4 Motivations.
(a) Lie algebras of functions on a symplectic manifold have nontrivial formal
deformations linked with so-called deformation quantization. The problem
considered in this paper, is original and have never been discussed in the
literature. However, this problem is inspired by deformation quantization.
The geometric version of the problem, deformations (up to symplectomor-
phism) of zero section of the cotangent bundle M ⊂ T ∗M , has no nontrivial
solutions. Existence of nontrivial deformations in the algebraic formulation
that we consider here seems to be a manifestation of “quantum anomalies”.
Note, that interesting examples of deformations of Lie algebra homomor-
phisms related to deformation quantization can be found in [12].
(b) Lie algebras of vector fields and Lie algebras of functions on a symplec-
tic manifold, have both nice cohomology theories, our idea is to link them
together.
Lie algebras of vector fields have various nontrivial extensions. The well-
known example is the Virasoro algebra defined as a central extension of
Vect(S1). A series of nontrivial extensions of Vect(S1) by modules of tensor-
densities on S1 were constructed in [8],[9]. These extensions can be obtained,
using a (nonstandard) embedding of Vect(S1) into C∞(T˙ ∗S1), by restriction
of the deformation of C∞(T˙ ∗S1) (see [9]).
We will show that deformations of the standard embedding relate the
Virasoro algebra to extensions of Poisson algebra on T2 defined by A.A.
Kirillov (see [4],[11]).
(c) The following quantum aspect of the considered problem: deformations
of embeddings of Vect(S1) into the algebra of pseudodifferential operators on
S1, will be treated in a subsequent article.
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3 Nijenhuis-Richardson theory
Deformations of homomorphisms of Lie algebras were first considered in [6]
(see also [10]). The Nijenhuis–Richardson theory is analogous to the Gersten-
haber theory of formal deformations of associative algebras (and Lie algebras)
(see [3]), related cohomological calculations are parallel. Let us outline the
main results of this theory.
3.1 Equivalent deformations.
Definition. Two homomorphisms π and π′ of a Lie algebra g to a Lie algebra
h are equivalent (cf. [6]) if there exists an interior automorphism I of h such
that π′ = Iπ.
Let us specify this definition for the two problem formulated in Sections
2.2 and 2.3.
(a) Two formal deformations (2) πt and π
′
t are equivalent if there exists a
linear map It : A(S
1)[[t]]→ A(S1)[[t]] of the form:
It = exp(tadF1 + t
2adF2 + · · ·)
= id + tadF1 + t
2(ad2F1/2 + adF2) + · · ·
where Fi ∈ A(S
1), such that π′t = Itπt. It is natural to consider such an
automorphism of A(S1)[[t]] as interior.
(b) An automorphism I(c) : A(S1) → A(S1) depending on the parameters
c = c1, . . . , cn, which is of the following form:
I(c) = exp(
n∑
i=1
ciadFi + cicjadFij + · · ·)
where Fi, Fij, . . . ∈ A(S
1) is called interior. Two polynomial deformations
π(c) and π′(c) of the standard embedding Vect(S1) →֒ A(S1) are equivalent
if there exists an interior automorphism I(c), such that π′(c) = I(c)π(c).
3.2 Infinitesimal deformations.
Deformations (2) and (3), modulo second order terms in t and c respectively,
are called infinitesimal. Infinitesimal deformations of a Lie algebra homomor-
phism from g into h are classified by the first cohomology group H1(g;h), h
being a g-module through π.
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Namely, the first order terms π1 in (2) and
∂pi(c)
∂ci
∣∣∣
c=0
in (3) are 1-cocycles.
Two infinitesimal deformations are equivalent if and only if the corresponding
cocycles are cohomologous.
Conversely, given a Lie algebra homomorphism π :g → h, an arbitrary
1-cocycle π1 ∈ Z
1(g;h) defines an infinitesimal deformation of π.
3.3 Obstructions.
The integrability conditions are conditions for existence of (formal or poly-
nomial) deformation corresponding to a given infinitesimal deformation.
(a) The obstructions for existence of a formal deformation (2) belong to the
second cohomology group H2(g;h). This follows from so-called deformation
relation (see [6]):
dπt + (1/2)[πt, πt] = O (4)
where [πt, πt] is a bilinear map from g to h:
[πt, πt](x, y) := {πt(x), πt(y)}+ {πt(y), πt(x)}.
Note that the deformation relation (4) is nothing but a rewritten formal
homomorphism relation (Section 1.4).
The equation (4) is equivalent to a series of nonlinear equations concerning
the maps πk:
dπk =
∑
i+j=k
[πi, πj].
The right hand side of each equation is a 2-cocycle and the equations have
solutions if and only if the corresponding cohomology classes vanish.
(b) Analogous necessary conditions for existence of a polynomial deformation
(3) can be easily calculated.
3.4 Remarks: polynomial deformations.
Deformations of algebraic structures (as associative and Lie algebras, their
modules and homomorphisms) polynomially depending on parameters are not
very well studied. There is no special version of the general theory adopted
to this case and the number of known examples is small (see [1]).
Theory of polynomial deformation seems to be richer than those of formal
ones. The equivalence problem for polynomial deformation has additional
interesting aspects related to parameter transformations (cf. Sections 5.4
and 5.5, formulæ (11)).
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4 Polynomial deformations of the embedding
of Vect(S1) into the Lie algebra of formal
Laurent series on T ∗S1
Consider the Poisson Lie algebra A(S1). The formula (1) defines an embed-
ding of Vect(S1) into this Lie algebra.
The following theorem is the main result of this paper. It gives a classi-
fication of polynomial deformations of the subalgebra Vect(S1) ⊂ A(S1).
Theorem 1. Every nontrivial polynomial deformation of the standard em-
bedding of Vect(S1) into A(S1) is equivalent to one of a two-parameter family
of deformations given by the formula:
πλ,µ
(
f(x)
d
dx
)
= f
(
x+
λ− µ
ξ
)
ξ + µf ′
(
x+
λ− µ
ξ
)
(5)
where λ, µ ∈ R or C are parameters of the deformation; the expression in
the right hand side has to be interpreted as a formal (Taylor) series in ξ.
A complete proof of this theorem is given in Sections 4 and 5.
The explicit formula for the deformation πλ,µ is as follows:
πλ,µ(f(x)
d
dx
) = f(x)ξ + λf ′(x) +
(
λ2
2
− µ
2
2
)
f ′′(x)ξ−1 + · · ·
+
(
µ(λ− µ)k
k!
+
(λ− µ)k+1
(k + 1)!
)
f (k+1)(x)ξ−k + · · ·
(5′)
Remark. The formula (5) is a result of complicated calculations which will
be omitted. We do not see any a-priori reason for its existence.
To prove Theorem 1, we apply the Nijenhuis–Richardson theory.
The first step is to classify infinitesimal deformations. One has to calcu-
late the first cohomology of Vect(S1) with coefficients in A(S1). Then, one
needs the integrability condition under which an infinitesimal deformation
corresponds to a polynomial one.
4.1 Algebras A(S1) and A(S1) as a Vect(S1)-modules.
Lie algebra Vect(S1) is a subalgebra ofA(S1). Therefore, A(S1) is a Vect(S1)-
module.
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Definition. Consider a 1-parameter family of Vect(S1)-actions on C∞(S1)
given by
L
(λ)
f(x) d
dx
(a(x)) = f(x)a′(x)− λf ′(x)a(x)
where λ ∈ R.
Denote Fλ the Vect(S
1)-module structure on C∞(S1) defined by this action.
Remark. Geometricaly, L
(λ)
fd/dx is the operator of Lie derivative on tensor-
densities of degree −λ. That means: a = a(x)(dx)−λ.
Lemma 4.1. (i) The Lie algebra A(S1) is decomposed to a direct sum of
Vect(S1)-modules:
A(S1) = ⊕m∈ZFm.
(ii) The Lie algebra A(S1) has the following decomposition as a Vect(S1)-
module:
A(S1) = ⊕m≥0Fm ⊕Πm<0Fm.
Proof. Consider the subspace of A(S1) and A(S1) consisting of functions of
degree m in ξ: a(x)ξm. This subspace is a Vect(S1)-module isomorphic to
Fm. One has:
{f(x)ξ, a(x)ξm} = (fa′ −mf ′a)ξm = L
(m)
f d
dx
(a)ξm.
Therefore, algebra of Laurent polynomials is a direct sum of Vect(S1)-modules
Fm.
By definition, an element of algebra A(S1) is a formal series in ξ with a
finite number of terms of positive degree.
Lemma 4.1 is proven.
4.2 Cohomology groups H1(Vect(S1);A(S1)) and H1(Vect(S1);A(S1)).
It follows that the Vect(S1)-cohomology with coefficients in A(S1) is splitted
into a direct sum:
H1(Vect(S1);A(S1)) = ⊕m∈ZH
1(Vect(S1);Fm).
These cohomology groups are well known (see [2]). They are nontrivial if and
only if m = 0,−1,−2 and the corresponding group of cohomology are one-
dimensional. Therefore, the space of first cohomology H1(Vect(S1);A(S1))
is three-dimensional.
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It is clear that the same result holds for A(S1):
H1(Vect(S1);A(S1)) = H1(Vect(S1);A(S1)) = R3
The nontrivial cocycles generating the cohomology groups H1(Vect(S1);
A(S1)) and H1(Vect(S1);A(S1)) are as follows:
C0(fd/dx) = f
′
C1(fd/dx) = f
′′(dx)
C2(fd/dx) = f
′′′(dx)2
with values in F0,F−1,F−2 respectively.
4.3 Infinitesimal deformations.
It follows from the Nijenhuis–Richardson theory that the calculated coho-
mology group classify infinitesimal deformations of the standard embedding
of Vect(S1) into the algebras A(S1) and A(S1) (respectively). One obtains
the following result:
Proposition 4.2. Every infinitesimal deformation of the standard embed-
ding of Vect(S1) into A(S1) and A(S1) is equivalent to:
f(x)∂ 7→ fξ + c0f
′ + c1f
′′ξ−1 + c2f
′′′ξ−2, (6)
where c0, c1, c2 ∈ R (or C) are parameters.
To classify polynomial deformations of the standard embedding of Vect(S1)
intoA(S1), one needs now the integrability conditions on parameters c0, c1, c2.
Remark. We will show (cf. Section 6) that in the case of formal deforma-
tions of Vect(S1) into A(S1) the corresponding integrability conditions are
completely different.
5 Integrability condition
Theorem 5.1. (i) An infinitesimal deformation (6) corresponds to a poly-
nomial deformation of the standard embedding Vect(S1) →֒ A(S1), if and
only if it satisfies the following condition:
6c0
3c2 − 3(c0c1)
2 − 18c0c1c2 + 8c1
3 + 9c2
2 = 0 (7)
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(ii) The polynomial deformation corresponding to a given infinitesimal de-
formation is unique up to equivalence.
The nonlinear relation (7) is the integrability condition for infinitesimal
deformations. Given a 1-cocycle C ∈ Z1(Vect(S1);A(S1)) which does not
satisfy this condition, there is an obstruction for existence of a polynomial
deformation.
Theorem 5.1 will be proven in the end of this section.
Remark. The formula (7) defines a semi-cubic parabola. Indeed, consider
the following transformation of the parameters:
c˜1 = −2c1 + c0
2
c˜2 = 3(c2 − c0c1) + 1
Then, the relation (7) is equivalent to:
c˜1
3 + c˜2
2 = 0 (7′)
5.1 Homogeneous deformation.
Consider an arbitrary polynomial deformation of the standard embedding,
corresponding to the infinitesimal deformation (6):
π
(
f(x)
d
dx
)
= fξ + c0f
′ + c1f
′′ξ−1 + c2f
′′′ξ−2 +
∑
k∈Z
Pk(c)πk(f)ξ
−k, (8)
where c = c1, c2, c3, Pk(c) are polynomials of degree ≥ 2 and πk : Vect(S
1)→
F−k some differentiable linear maps.
Note, that since the cocycles C1, C2 and C3 are defined by differentiable
maps, an arbitrary solution of the deformation problem is also defined via
differentiable maps. This follows from the Gelfand-Fuks formalism of differ-
entiable (or local) cohomology (see [2]).
Definition. Let us introduce a notion of homogeneity for deformations given
by differentiable maps. A polynomial deformation (8) is called homogeneous
if the sum of the degree in ξ and of the order of differentiation of f in each
term of the right hand side is constant.
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Since the cocycles C1, C2 and C3 are homogeneous of order 1, every ho-
mogeneous deformation (8) corresponding to a nontrivial infinitesimal defor-
mation, is of homogeneity 1:
π(f(x)∂) = fξ + c0f
′ + c1f
′′ξ−1 + c2f
′′′ξ−2 +
∑
k≥3
Pk(c)f
(k+1)ξ−k (9)
Lemma 5.2. Every polynomial deformation (8) is equivalent to a homoge-
neous deformation (9).
Proof. It is easy to see that the homomorphism equation: π([f, g]) =
{π(f), π(g)} preserves the homogeneity condition. It means, that the first
term in (8) (the term of the lowest degree in c) which is not homogeneous of
degree 1, must be a 1-cocycle. Such a 1-cocycle is necessarily a coboundary.
Indeed, each 1-cocycle is cohomologous to a linear combination of homoge-
neous of order 1 cocycles: C1, C2 and C3 (cf. Section 4.2).
The lemma follows now from the standard Nijenhuis-Richardson tech-
nique. One can add (or remove) a coboundary in any term of the polynomial
deformation (8) to obtain an equivalent one.
Lemma 5.2 is proven.
5.2 Uniqueness of the homogeneous deformation.
Proposition 5.3. Given an infinitesimal deformation (6), if there exists a
homogeneous polynomial deformation (9) corresponding to the given one,
then this homogeneous polynomial deformation is unique.
Proof. Substitute the formula (9) to the homomorphism equation. Put
P0 = c0, P1 = c1, P2 = c2. Collecting the terms with ξ
−k (where k ≥ 3), one
readily obtains the following identities for polynomials Pk(c):
Pk(c) · (fg
′ − f ′g)(k) =
Pk(c) · (fg
(k+1) + (k − 1)f ′g(k) − f (k+1)g − (k − 1)f (k)g′)
+
∑
i+j=k−1
Pi(c)Pj(c) · (−if
(i+1)g(j+2) + jf (i+2)g(j+1)),
(10)
for every f(x), g(x). Each of these identities defines a system of equations of
the form: Pk(c) = · · ·, where k ≥ 3 and “· · ·” means quadratic expressions
of Pi(c) with i < k. Therefore, polynomials Pk(c) with k ≥ 3 are uniquely
defined by the constants c0, c1 and c2.
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Proposition 5.3 is proven.
5.3 Integrability condition is necessary.
The first three identities (10) give the following system of equations:
2P3(c) = 2c0c2 − c1
2,
5P4(c) = 3c0P3(c)− c1c2,{
9P5(c) = 4c0P4(c)− c1P3(c)
5P5(c) = 3c1P3(c)− 2c2
2
These equations immediately imply the relation (7). This proves that this
condition is necessary for integrability of infinitesimal deformations.
5.4 Integrability condition and the universal formula (5).
Let us prove that the condition (7) is sufficient for existence of a polynomial
deformation. However, it is very difficult to solve the overdetermined system
(10) directly. We will use the formula (5).
The formula (5) obviously defines a deformation (9) which is polynomial
in λ, µ. The first two coefficients c0 and c1 of this deformation are:
c0 = λ
c1 =
λ2
2
−
µ2
2
.
(11)
and can be taken as independent parameters.
Fix the values of c0 and c1 and consider the condition (7) as a quadratic
equation with c2 undetermined. The two solutions can be written (using
(11)) as expressions from λ and µ:
c2
+ = λ
3
6
− λµ
2
2
+ µ
3
3
c2
− = λ
3
6
− λµ
2
2
− µ
3
3
.
The expression c2
+ coincides with the third coefficient in the formula (5’).
The deformation πλ,µ defined by the formula (5), corresponds to the infinites-
imal deformation with c0, c1 given by (11) and c2 = c2
+. The expression c2
−
can be obtained from c2
+ using the involution: ∗ : (λ, µ) 7→ (λ,−µ).
We have shown that, every infinitesimal deformation satisfying (7) corre-
sponds to a polynomial in c0, c1 and c2 deformation. Indeed, it follows from
existence of the formula (5) that the system (10) has a solution.
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Theorem 5.1 is proven.
Remarks. (a) The parameter µ is a rational parameter on the semi-cubic
parabola (7’). Indeed, c˜1 = µ
2, c˜2 = µ
3.
(b) Suppose that c0, c1, c2 ∈ R, then λ and µ in (11) are real if and only
if c0
2 ≥ 2c1.
5.5 Proof of Theorem 1.
We have shown that:
(a) Every integrable infinitesimal deformation is equivalent to (6) and obeys
the condition (7).
(b) Every polynomial deformation is equivalent to a homogeneous one.
(c) Given an infinitesimal deformation, there exists a unique homogeneous
deformation corresponding to the infinitesimal one. It is given by the uni-
versal formula (5).
Theorem 1 is proven.
6 Formal deformations of the embedding of
Vect(S1) into A(S1)
We classify formal deformations of the Lie subalgebra Vect(S1) in A(S1).
Theorem 2. Every formal deformation of the standard embedding
π : Vect(S1) →֒ A(S1) is equivalent to one of the following deformations:
πt
(
f(x)
d
dx
)
= f
(
x+
(1− λ)t
ξ
)
ξ + λtf ′
(
x+
(1− λ)t
ξ
)
(5′′)
where λ ∈ R, the right hand side is a (Taylor) series in t.
In other words, there exists a one-parameter family of formal deforma-
tions.
The explicit formula for (5′′) is:
πt
(
f(x)
d
dx
)
=
∞∑
k=0
(1− (k − 1)λ)(1− λ)k−1
tk
k!
f (k)(x)ξ−k+1 (5′′′)
note, that πt(f(x)d/dx) = fξ + tf ′ + · · ·.
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Classification of infinitesimal deformation was done in Section 4.3. In
order to prove Theorem 2, let us first classify the infinitesimal deformations
which correspond to formal ones.
6.1. Integrable infinitesimal deformations.
Proposition 6.1. An infinitesimal deformation (6) correspond to a formal
deformation if and only if c1 = c2 = 0.
A 1-cocycle on Vect(S1) corresponding to an integrable infinitesimal de-
formation is, therefore, proportional to the cocycle C0 from Section 4.2. In
other words, a nontrivial formal deformation is equivalent to a deformation
of the form:
πt
(
f(x)
d
dx
)
= fξ + tf ′ + (t2)
(the constant c0 in (6) can be chosen: c0 = 1 up to normalization).
Proof of the proposition. Consider an infinitesimal formal deformation:
f(x)
d
dx
7→ fξ + t(c0f
′ + c1f
′′ξ−1 + c2f
′′′ξ−2)
of the standard embedding π : Vect(S1) → A(S1). One must show that it
corresponds to a formal deformation πt if and only if c1 = c2 = 0.
First, note that each term πk, k ≥ 1 of a formal deformation π
t (of the
expansion (2)) can be chosen in a homogeneous form:
πk
(
f(x)
d
dx
)
=
∑
j
αkj f
(j+1)ξj, (12)
where αkj are some constants. The proof of this fact is analogous to the one
of Lemma 5.2.
Second, apply the Nijenhuis–Richardson deformation relation (4) (which
is equivalent to the homomorphism relation π([f, g]) = {π(f), π(g)}). In the
same way as in Sections 5.2 and 5.3, collecting the terms with tk, one obtains
the following conditions:
(a) terms with t2:
2α23 = 2c0c2 − c1
2,
5α24 = −c1c2{
α25 = 0
5α25 = −2c2
2
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and therefore, c2 = 0.
(b) terms with t3: {
9α35 = −c1α
2
3 = (1/2)c1
3
5α35 = 3c1α
2
3 = −(3/2)c1
3
and therefore, c1 = 0.
Proposition 6.1 is proven.
Lemma 6.2. The constants αkj in each term πk (given by the formula (12))
of the deformation πt satisfy the condition: αkj = 0 if j ≥ k.
Proof. First, one easily shows that αkj = 0 if j > k.
In the same way, using the identities (10), one obtains: αkk = 0 for every
k ≥ 1.
Lemma 6.2 is proven.
For example, collecting the terms with t4 one has 9α45 = 4c0α
3
4−α
2
1α
2
3 = 0
and α35 = 4α
2
1α
2
3 − 2(α
2
2)
2 = −2(α22)
2, from where α22 = 0.
Lemma 6.3. Every formal deformation πt is equivalent to a formal defor-
mation given by:
πt
(
f(x)
d
dx
)
= fξ + tf ′ + α1t
2f ′′ξ−1 + α2t
3f ′′′ξ−2 +
∑
k≥3
αkt
k+1f (k+1)ξ−k
where αi are some constants.
This means, one can take in (12) αkj = 0 if j ≤ k − 2.
Proof. Every formal deformation is equivalent to a deformation with αk0 = 0
in (12). Indeed, constant αk0 is just the coefficient behind t
kf ′. It can be
removed (up to equivalence) by choosing a new formal parameter of defor-
mation t˜ = t+ tkαk0 .
Now, the lemma follows from Proposition 6.1 and homogeneity of the
homomorphism condition. Indeed, the terms with j ≤ k−2 are independent
and therefore, the first nonzero term (corresponding to the minimal value of
j) must be a 1-cocycle. In the same way as in Lemma 5.2, one shows that
such a 1-cocycle is trivial and can be removed up to equivalence.
Lemma 6.3 is proven.
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Now, the expressions Pk = αkt
k+1 satisfy the identities (10). Thus, the
deformation πt is given by the formula (5) with λ = t.
Theorem 2 is proven.
7 Some properties of the main construction
Let us study some geometric and algebraic properties of the two-parameter
deformation (5).
7.1 Deformation of SL2(R)-moment map.
Consider the standard Lie subalgebra sl2(R) ⊂ Vect(R) generated by the
vector fields:
d
dx
, x
d
dx
, x2
d
dx
.
For every λ and µ, the restriction of the map πλ,µ given by the formula (5)
to sl2(R), defines a Hamiltonian action of sl2(R) on the half-plane H =
{(§, ξ) |ξ > ′} endowed with the standard symplectic structure: ω = dx∧ dξ.
Indeed, the formal series (5’) in this case has only finite number of nonzero
terms and associates to each element of sl2(R) a well-defined Hamiltonian
function on H.
Given a Hamiltonian action of a Lie algebra g on a symplectic manifold
M , let us recall the notion of so-called moment map from M into the dual
space g∗ (see [5]). One associates to a point m ∈ M a linear function m¯ on
g. The definition is as follows: for every x ∈g,
〈m¯, x〉 := Fx(m),
where Fx is the Hamiltonian function corresponding to x. If the Hamiltonian
action of g is homogeneous, then the image of the moment map is a coadjoint
orbit of g.
In the case of sl2(R), the coadjoint orbits on sl2(R)
∗(≃ R3) can be iden-
tified with level surfaces of the Killing form. Explicitly, for the coordinates
on sl2(R)
∗, dual to the chosen generators of sl2(R):
y1y3 − y
2
2 = const.
Thus, coadjoint orbits of sl2(R) are cones (if the constant in the right hand
side is zero), one sheet of a two-sheets hyperboloid (if the constant is positive),
or a one-sheet hyperboloid (if the constant is negative).
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Proposition 7.1. The image of the half-plane (ξ > 0) under the SL2(R)-
moment map is one of the following coadjoint orbits of sl2(R):
(i) λ = 0 or µ = 0, the nilpotent conic orbit;
(ii) λµ > 0, one sheet of a two-sheets hyperboloid;
(i) λµ < 0, a one-sheet hyperboloid.
Proof. The Poisson functions corresponding to the generators of sl2(R) are:
F1 = ξ,
F2 = xξ + λ,
F3 = x
2ξ + 2λx+ λ(λ− µ)ξ−1,
respectively. These functions satisfy the relation: F1F3 − F
2
2 = λµ.
7.2 The Virasoro algebra and central extension of the Lie algebra
C∞(T2).
Consider the Lie algebra C∞(T2) of smooth functions on the two-torus with
the standard Poisson bracket. This Lie algebra has a two-dimensional space
of nontrivial central extensions: H2(C∞(T2)) = H2(T2) = R2. The corre-
sponding 2-cocycles were defined by A.A. Kirillov [4] (see also [11]):
c(F,G) =
∫
γ
FdG,
where F = F (x, y), G = G(x, y) are periodic functions: F (x + 2π, y) =
F (x, y + 2π) = F (x, y) and γ is a closed path.
Recall that the Virasoro algebra is the unique (up to isomorphism) non-
trivial central extension of Vect(S1). It is given by so-called Gelfand-Fuks
cocycle:
w(f(x)d/dx, g(x)d/dx) =
∫ 2pi
0
f ′(x)g′′(x)dx
Let us show how the central extensions of C∞(T2) are related to the
Virasoro algebra via the embedding (5).
Let VectPol(S
1) be the Lie algebra over C of polynomial vector fields on
S1. It is generated by: Ln = z
n+1d/dz, where z = eix. The formula (5) with
ξ = eiy defines a family of embeddings of VectPol(S
1) into C∞(T2)C.
It is easy to show, that the restriction of two basis Kirillov’s cocycles to
the subalgebra VectPol(S
1) →֒ C∞(T2)C is proportional to the Gelfand-Fuks
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cocycle:
(
∫
ξ=const
FdG)
∣∣∣∣
VectPol(S1)
= λ2w and (
∫
x=const
FdG)
∣∣∣∣
VectPol(S1)
= λ2µ2w
Acknowledgments. We are grateful to F. Ziegler for fruitful discussions.
The first author would like to thank Penn. State University for its hospitality.
References
[1] F. Ammar, Syste`mes hamiltoniens comple`tement integrables et
de´formations d’alge`bres de Lie. Publications Mathe´matiques 38 (1994)
427-431.
[2] D.B. Fuks, Cohomology of infinite-dimensional Lie algebras, Consul-
tants Bureau, New York, 1987.
[3] M. Gerstenhaber, On deformations of rings and algebras, Annals of
Math. 79, 59- .
[4] A.A. Kirillov, The orbit method. Geometric quantization, Lectures at
the University of Marilend, Preprint (1990).
[5] A.A. Kirillov, Elements of the theory of representations, Grundel-
heren der mathematische Wissenschaften 220, Springer-Verlag, Berlin-
Heidelberg-New York, 1976.
[6] A. Nijenhuis, R.W. Richardson, Deformations of homomorphisms
of Lie algebras, Bull. AMS 73 (1967) 175-179.
[7] V. Ovsienko, C. Roger, Deformations of Poisson brackets and ex-
tensions of Lie algebras of contact vector fields, Russian Math. Surveys
47:6 (1992) 135-191.
[8] V.Yu. Ovsienko,C.Roger, Extension of the Virasoro Group and the
Virasoro Algebra by Modules of Tensor-Densities on S1, Funct. Anal.
and its Appl. 30 (1996) No.4.
[9] V.Yu. Ovsienko,C.Roger, Generalizations of Virasoro group and Vi-
rasoro algebra through extensions by modules of tensor-densities on S1,
to appear in Indag. Math.
18
[10] R.W. Richardson, , Deformations of subalgebras of Lie algebras, J.
Diff. Geom. 3 (1969) 289-308.
[11] C. Roger, Extensions centrales d’alge`bres et de groupes de Lie de di-
mension infinie, alge`bre de Virasoro et ge´ne´ralisations, Rep. on Math.
Phys. 35 (1995) 225-266.
[12] S. Tabachnikov, Projective connections, group Vey cocycle and defor-
mation quantization, to appear in IMRN.
Valentin OVSIENKO
C.N.R.S., C.P.T.
Luminy-Case 907
F-13288 Marseille Cedex 9, France
Claude ROGER
Institut Girard Desargues, URA CNRS 746
Universite´ Claude Bernard - Lyon I
43 bd. du 11 Novembre 1918
69622 Villeurbanne Cedex, France
19
